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RESEARCH OF NONLINEAR VIBRATIONS OF LAMINATED SHALLOW SHELLS
WITH CUTOUTS BY R-FUNCTIONS METHOD

V 1iit po6oTi 3ampoOHOBaHO €(HEKTUBHHUI METO]] TOCIIPKEHHS TEOMETPUYHO HENIHIHHUX BIACHUX KOJIMBAaHb TOHKOCTIHHUX €JIEMCH-
TiB KOHCTPYKIIH, SIKI MOXKYTh MOJIETIOBATHCS 0araTonIapoBUMH IOJOTUMHU O00JIOHKaMU 31 CKJIAZHOIO ()OPMOIO B IUIaHi. 3aIlpOIIOHO-
BaHMII MeTo]| 6a3yeThCs Ha CyMiCHOMY BHKOpPHCTaHHI Teopil R-QyHkuiii, Bapianiiinux metonis i npouexypu byonosa-T'anepkuna. Ie
JI03BOJISIE 3BECTH CIIOYATKy HENiHIHHY CHCTeMy PiBHSHB pyxXy 1o 3aaadi Komri. MaremaTnyHa mocTaHOBKA 3a/a4yi BUKOHAHA Y paMKax
yTouHeHoI Teopil mepuioro nopsiaky. CTBOpeHO BiamoBiaHe mporpamue 3abesneuenHs B cucremi POLE-RL miis moninoMianbHUX
pe3yubTaTiB i 3 BuKoprucTaHHsaM C++ nporpaMu st cruiaiiHiB. Po3B’s3aHi HOBI 3a4ad4i JTiHIHUX 1 HeMiHIHHAX KOJIHMBaHb OaraTomapo-
BUX TOJIOTUX OOOJIOHOK 3 BHpi3aMu. s MiATBEpKEHHS HATIHOCTI OTPUMAHUX PE3yJIbTaTiB MPOBEICHO 1X MOPIBHAHHS 3 OTpHMa-
HUMH 32 IOTIOMOTOI0 CIUTaifH-alpOKCUMAIlil Ta 3 BIIOMUMH i3 JitepaTypu. Jocmimkennii epekT rpaHiuyHIX YMOB Ha BUPI3i.
Kurwouosi cioBa: Teopis R-dynkuuii, Teopis Tumorienko, 6aratoraposi moyiori 000JIOHKH, HENiHIIHI KOJTUBaHHS.

B nacrosimeii pabote npemioxkeH 3QpPEeKTUBHBII METO HCCIICIOBAaHUS T€OMETPHUYCCKH HEIMHEHHBIX COOCTBEHHBIX KOJIeOaHUH TOH-
KOCTCHHBIX 3JIEMCHTOB KOHCTPYKIHUI, KOTOPBIE MOT'YT MOJCITUPOBATHCSI MHOTOCTIOHHBIMHA TTOJIOTHMHU 00OJIOYKAMHU CO CIIOKHOH (hop-
Mo#i B miaHe. [IpeioskeH b MeToT 0a3UpyeTCsl Ha COBMECTHOM HCIOJIb30BaHUU TCOPUH R-(yHKIHUi, BapHAIIMOHHBIX METO/IOB H
npoueaypbl byoHoBa-I"amepkuna. T0 MO3BOJSECT CBECTH M3HAYAIBHO HEJIMHEHHYIO CHCTEMY YpaBHEHHIA JBMKEHHs K 3amade Komru.
Marematndeckas TIOCTaHOBKA 3a/1a4d BBIIIOJIHEHA B PaMKaxX yTOUHEHHOU TeOpHuH mepBoro nopsiaka. Co3aaHo COOTBETCTBYIOIIEE MTPO-
rpamMmHoe obecnieyenue B cuctemMe POLE-RL a1t monuHOMHANbHBIX pe3yibTaToB U McHoib3yss C++ mporpaMmbl A CIUIAHOB.
Pemiens! HOBBIE 3a7aull IMHEHHBIX W HEIMHEWHBIX KOJIEOaHMIT MHOTOCIOMHBIX HOIOTHX 000704eK C BhIpe3aMu. 11 HOATBEpKACHHS
Ha/Ie)KHOCTH TOTy9aeMbIX Pe3yJIbTaTOB MPOBEICHO HX CPAaBHEHHUE C IMONyUYCHHBIMH MOCPEACTBOM CIUIAHH-aNMPOKCUMAIIH H H3BECT-
HBIMU B JuTeparype. Mccnenoan 3G ekt rpaHIYHBIX YCIOBHIA Ha BBIpE3e.
Kuarwuessble ciioBa: Teopus R-pyHkimid, Teopus TUMOIIEHKO, MHOTOCTIOHHEIE MTOJIOTHAE 000IOUKH, HETMHEHHBIC KOJICOaHMSL.

In present work an effective method to research geometrically nonlinear free vibrations of elements of thin-walled constructions that
can be modeled as laminated shallow shells with complex planform is applied. The proposed method is based on joint use of R—
functions theory, variational methods and Bubnov—Galerkin procedure. It allows reducing an initial nonlinear system of motion equa-
tions of a shallow shell to the Cauchy problem. The mathematical formulation of the problem is performed in a framework of the
refined first-order theory. The appropriate software is created within POLE-RL program system for polynomial results and using C++
programs for splines. New problems of linear and nonlinear vibrations of laminated shallow shells with cutouts are solved. To confirm
reliability of the obtained results their comparison with the ones obtained using spline-approximation and known in literature is pro-
vided. Effect of boundary condition on cutout is studied.
Keywords: R—function theory, Timoshenko’s theory, laminated shallow shells, geometrically nonlinear vibrations.

Introduction
Investigation of geometrically nonlinear vibrations

solution of the system of nonlinear differential equations
of motion [5, 6]:

of multi-layered shallow shells with complex planform oN,, oN,, v ON, ON, 0%y
and a cutout is carried out. The mathematical statement of o +W =m ?§ F"‘F =m, y;
this class of problems is well developed in literature [1, 2].

However, due to the complexity of the motion equations 00, 00, o’w

+

) . . +k Ny +k,Ny + N —-+
system, there are practically no works, which contain nu- ax oy TR g2

merical results for these problems in the case of complex 2w w o (1)
planforms, the presence of cutouts and different types of +2N,, + Ny — =m—;
boundary conditions. Therefore, development of methods oxdy y ot
solving such problems is an important task. In this paper oM, oM, R
we propose a method based on the theory of R-functions W*'F—Qx =m, o 5
[3, 4] and variational methods, which allows one to solve
such problems. oM ,, +%—Q —m 62Wy
oy Ox g ot

1 The mathematical statement of the problem

We consider the multi-layered thin shell of the con-
stant thickness /, on the assumption that the slip and sepa-
ration between the layers are absent. We confine ourselves
to the symmetrical structure of layers. The mathematical

where u(x, y,t), v(x, y,t), w(x, y,t) are displacements of the

coordinate surface points; ., y, are rotation angles of the
normal to the coordinate surface; Ny;, Ni,, N,, are the in-
plane resultants per unit length; M, M},, My, are the in-

formulation of the problem is performed via refined the-
ory of multi-layered shells based on the Timoshenko’s
shear assumptions. Then the problem of geometrically
nonlinear vibrations of shallow shells is reduced to the

ternal moment resultants per unit length; Q,, O, are the
transverse shear resultants per unit length. Components of
these resultants are defined as:
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The expressions of deformations, taking nonlinear
terms in account, are expressed as

ou 1(ow) ov 1 owY
e, =——kwt—-|—|; &g =——kwt-|—|;
Ox 2\ Ox oy 2\ oy

ou 0Ov Owow
g€, =—+—+——.
Yooy ox ox oy

The expressions (2) contain coefficients Cj;, Kj;, Dj;
and mj, m,, which are calculated by the known formulas
[7-10], k4, ks are shear correction coefficients, &y, k, are
curvatures of a shell.

The system (1) is supplemented by appropriate
boundary and initial conditions.

1.1 The solution method

Accordingly to the algorithm proposed in [8-10], we
represent the unknown functions u(x,y.f), v(x,p,t), w(x,y.f),
w(x,p,1), wi(x,p,f) in the form of an expansion by eigen-
functions of the corresponding linear problem solution of
free vibrations of shells

wle, ,1)=3,(6) wi(x,); v, (e vs) = 2, (0) v, (v 0):
v, (o) =2(0)-v, (ep);
u(x,y.t)= 3, (0) 1, (6. 9)+ 57 () 1, (x. )
vxyit)=y () v () () vley). G
The functions u,,v,,y, .y, are the components of

the eigenvector U = (u,v, W,l//x,l//y), and functions u,,v,
must be a solution of the system of differential equations

{Ll Uy +L,v, = —Nll(z)(w, );

Lyuy +Lyv, = _ngz)(wl )

The expressions for the right-hand sides of (4), des-

“4)

ignated by operators Nl,(f)(wl ).(k=1,2) are described in
[8-10].

The system of equations (4), supplemented with the
appropriate boundary conditions, as well as a linear prob-
lem of free oscillations of multi-layered shallow shells,
can be solved using RFM method [3, 4] for almost any
form of the shell’s plan and various types of boundary
conditions.

Substituting the expression (3) for the unknown
functions in the system (1) and applying the Bubnov-
Galerkin procedure, we obtain the nonlinear ordinary dif-
ferential equation

WO+l y @)+ -y (O +y-y (1)=0. (%)

Formulas for the coefficients presented in the equa-
tion (5) are given in [8-10].

The solution of the obtained ordinary differential
equation may be accomplished through a variety of ap-
proximation methods. For example, the Runge-Kutta
method, Bubnov-Galerkin and others.

2 Numerical results

To validate the proposed method and created soft-
ware a number of test problems were solved. The obtained
results were compared with the once of other authors
[7, 11]. One of the test cases is discussed in Example 1.

Example 1. Consider the problem of free vibrations
of a shallow geometrically nonlinear isotropic square shell
of constant thickness of double curvature. The following
geometric and material parameters are used: a/b=1;
R/R,=1; R,/R, =0; R, =10;2=0,01;v=03. The

shear correction factors are: k; = k2 =5/6 . The boundary

conditions correspond to a simply-supported edge. Figure
1 shows a comparison of the frequencies ratios depend-
ence on the basic mode amplitude for cylindrical and
spherical shells, obtained by RFM with the known results
of [11]. To obtain the dependency ratio of the frequencies
to the amplitude the Runge-Kutta method was used.

1,4
13
1,2
1,1
1,0
0,9

G 08 1
\E 07 y
8 06
05 —e— RX/Ry=1 (RFM)
RX/Ry=O (RFM)

22 ——RJR =1[11]
o ——R/R=0[11]

0,0 — 1 . —
06 08 10 12 14 16 1,8 20
W__/h
Figure 1 — Convergence of amplitude-frequency curves
of shallow shells

\
W
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i

W

0,4 °

The observed divergence of obtained results with the
once of [11] does not exceed 2 %.

Example 2. Consider the problem of a 3-layered cy-
lindrical shallow shell free nonlinear vibration with a
square planform and a central square cutout (fig. 2).
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Figure 2 — Geometry of a shell with a central cutout and
different boundary conditions

It is assumed that all layers are made of the material
with the following characteristics:
Material 1 (M1): E, =40E,; G, = G, = Gy, =0,5E,;

Vi = 0,25

Material 2 (M2): E =10E,; G, =G, =G,, =0,5E,;
Vi = 0,25

The shear correction factors are taken as

k; =kZ =5/6, dimensionless parameters of the curvature
are defined as R, /h=300; h/(2a)=0,01. Three types of

boundary conditions are investigated: completely clamped
edge (CC), simply supported on external edge and
clamped cutout (SC), simply supported on external edge
and free cutout (SF). Comparison of the obtained funda-
mental frequencies for two types of materials (M1, M2)
with the once in [7] is presented in table 1. Results pre-
sented by RFM were obtained both by polynomial ap-
proximation (POLY) and splines [12] (SPLI) using mesh
of 10x10.

Table 1 — Comparison of the non-dimensional frequency

@, = wa* (p/ E,h° )1/2 for cross ply (0/90/0) laminated shells

with the boundary condition (SF)
cla M1 Ml M2 M2

o |29:3565| 29.481 [POLY] 23,8253 23,933 [POLY]
[7] 29,476 [SPLI] [7] | 23,921 [SPLI]
0 |29:4182] 30252 [POLY] [24,2845| 24,749 [POLY]

[7] 29,859 [SPLI] [71 | 24,552 [SPLI]

The observed divergence of obtained results with the
once of [7] does not exceed 3 %.

Further, new results are presented by using the the-
ory of R—functions.

The amplitude-frequency dependence for cylindrical
shells of SC boundary condition with the cutout of size
c/a=0,2 for two types of materials (M1, M2) is presented
in figure 3.

1,25

' |
o —— M1
1,20 _ - M2
1,15 ;u —C gEC ui X
- 1 i —d |
3 1 i
~ 110 ! : A
3 —b
1,05 ///5/
/
1,00 —4//
0,95 )

0.6 0.8 1.0 1.2 14 1.6 1.8 2,0
W__/h

Figure 3 — Amplitude-frequency curves of SC cylindrical
shallow shells

According to the observed curves we can state that
the behavior of investigated shell of M1 material is more
rigid than the one of M2 with the amplitude increase.

The amplitude-frequency dependence for cylindrical
shells of CC boundary condition with the cutout of size
c/la=0,2 for two types of materials (M1, M2) is presented
in figure 4.

According to the observed curves we can state that
the investigated shell of M1 material becomes more rigid
than the one of M2 when the ratio W,,,,/h exceeds 1,4.

14 1
—=— M1 /
.
13 M2
1.2 /
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=
& 11 /
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| |
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Figure 4 — Amplitude-frequency curves of CC cylindrical
shallow shells

Conclusions

A proposed numerical-analytically approach based
on R-functions theory is used to research free nonlinear
vibration problems of laminated shallow shells with cut-
outs. Three-layered shells made of different materials with
different curvatures and square cutout are investigated.
Different types of boundary conditions are examined. The
amplitude-frequency curves of vibrations of considered

88

Bicnux HTY «XIII». 2016. Ne 46 (1218)



ISSN 2078-9130

Hunamixa i miynicms mMawiun

shells have been constructed using the first-mode ap-
proximation by the Runge-Kutta method. A comparison
with known results confirms the reliability of the proposed
approach.
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