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BEKTOPHO-MATPHUYHI PIBHAHHA TMHAMIKHU JUCKPETHUX HEI'OJIOHOMHHMX
MEXAHIYHUX CUCTEM Y IICEBJOKOOPINHATAX I KBATEPHIOHAX

CrarTs po3riIiaac akTyanbHi MUTaHHS MOJCIIOBAaHHS JUHAMIKH HErOJOHOMHHUX MEXaHIYHHX CHCTEM, SIKi IIHPOKO 3aCTOCOBYIOTHCS B
cy4acHiii poOOTOTEXHIli. AKTyaJbHICTh IIi€] TEMH 3yMOBJIEHA LIBUAKHM PO3BUTKOM CKJIAIHUX POOOTOTEXHIYHHX INPUCTPOIB, TAKHX SK
cdepuyHi podboTH Ta MOOLIBEHI pOOOTH Ha KoJecax, sIKi 3a3BUYail MiCTATh HETOJIOHOMHI 0OMEKEHHS THILy KOYeHHs 0e3 koB3aHHs. Tpanumiiini
METO/IU Ha OCHOBI y3araJbHEHUX KOOPIHHAT 3a3BHYA{ IPU3BOIATH 10 IPOMI3JIKHX PiBHSIHB, SKi YCKIIaIHIOIOTh aBTOMATH3AIli10 OOYHCIICHb Ta
aHaJli3 KepyBaHHS MEXaHIYHHX CHCTeM. Y CTaTTi 3alpoONOHOBAHO OinbIl e(eKTUBHWH MiAXin, SKWil Holsrae y BUKOPHCTAHHI
[ICCBIOKOOPAMHAT Ta ICEBJOLIBHAKOCTEH Ta KBaTepHIOHIB. JlaHWIl MiAXi[ 3HAYHO CIPOLIYE ONUC JUHAMIYHHX XapaKTEPUCTHK CHCTEM,
3MCHIYE MOPSAOK PIBHSHB 1 0a3yeTbCs HAa aHANITHYHIM KOMIT'IOTEpHiil peamizamii. 3aIpOIIOHOBAHO IBOCTAIHHH alTOPUTM: CHOYATKY
OyIyIOTbCsl PIBHSHHS PyXy JUISl TOJIOHOMHOI CHCTEMH Ha OCHOBI BEKTOPHO-MaTpH4Hiil (opmu mpuHIuIy a'Anambepa-Jlarpamka, a morim
BUKOHY€THCS IX IPUBEIEHHS JI0 IICEBIOKOOPIHHAT 3a JOIOMOIOIO CIIeNiaIbHOI MATPUIIi IIOXiJHUX 3aICKHUX y3aralbHEHHX IIBHIKOCTEH 3a
[ICEBIOIIBUAKOCTSIMHE, IO OTPUMYETHCS KOMIT FOTEPHUM aHATITHYHAM IU(EpPEHIFOBAHHSIM PiBHSIHb HETOJIOHOMHHX B’si3eil. Takuil croci6
JI03BOJISIE aBTOMAaTHYHO OTPUMATH PIiBHSHHS MiHIMAIbHOI PO3MIPHOCTI Ta IpuBecTH ix 10 HopmaibHOi (opmu Ko, sika € 3pydHOr0 st
YHCEIBHOTO iHTErpyBaHHs. JUIsl TECTYBaHHsI 3alIPOIIOHOBAHOTO AJITOPUTMY 0yJI0 BHKOPHCTAHO CIELialIbHy CHCTEMY KOMIT'FOTEPHOI aiaredpu
Ki/luM, sika mpu3Ha4deHa IS KiHEMAaTHYHHX 1 AMHAMIYHHX DO3PAaxyHKIB CKIQJHUX MEXaHIYHHX CHCTEM. Bylo NpoieMOHCTpOBaHO
e(EKTUBHICTb MiJIXOY Ha KIIACHYHOMY HPUKIIA/Ii KOYSHHS KyJIi B chepUyHi IIOBEPXHi, Jie HErOJIOHOMHI 0OMEXEHHS ITPUPOJHO BPAXOBYHOTHCS
gyepe3 CeBAOMBHUAKOCTL. JIJIs1 HAOYHOTO IPEICTAaBICHHS Pe3yIbTaTiB PO3PAaXyHKIiB OyJI0 BUKOPHCTAHO KBAaTePHIOH OpieHTawil Kyii i Ha iforo
mijncraBi po3paxoBaHO KyTH KpuioBa 3a OpHIiHANBHOIO METOIMKOIO. Byino oOIpyHTOBaHO, INO 3aCTOCYBaHHS IICEBJOKOOPAMHAT i
ICEBJIOMBHKOCTEH JJO3BOJIIE OTPHMATH CYTTE€BO OLIBII MPOCTi JUHAMIYHI PIBHSHHS, a BUKOPHCTAHHS KBaTEPHIOHY 3HIMAae IpobdiemMu
BHPO/PKYBAaHOCTI OOCpHEHHMX KiHEMaTHYHHX piBHsHbE. lle BiIKpHBa€ HOBI MOXIMBOCTI [UIsi MOJCIIOBAHHS Ta KEPYBaHHS CyYacHUMH
POOOTOTEXHIYHIMH MIPUCTPOSIMH.

Ki1040Bi c10Ba: HEroJIOHOMHI, HCEBIOKOOPAMHATH, KBAaTCPHIOHW, AMHaMika, poOOTOTexHika, mpuHimn in'Anambepa-Jlarpamka,
dopma Ko, KiluM

Y. M. ANDRIEIEYV, O. O. HOLOVNIA

Vector-matrix equations of dynamics of discrete non-holonomic mechanical systems in QUASI-
coordinates and quaternions

The article discusses topical issues of modelling the dynamics of non-holonomic mechanical systems, which are widely used in modern
robotics. The relevance of the topic is driven by the rapid advancement of complex robotic devices, such as spherical robots and wheeled
mobile robots, which typically contain non-holonomic constraints like rolling without slipping. Traditional methods based on generalized
coordinates usually result in cumbersome equations that complicate the automation of calculations and the analysis of mechanical system
control. The article proposes a more efficient method based on the use of quasi-coordinates, quasi-velocities, and quaternions. This approach
significantly simplifies the description of system dynamics, reduces the order of the equations, and is based on analytical and computer
implementation. A two-stage algorithm is proposed: first, equations of motion for a holonomic system are derived in vector-matrix form using
the d'Alembert-Lagrange principle; and then, these equations are transformed to quasi-coordinates employing a special matrix of partial
derivatives of dependent generalized velocities with respect to quasi-velocities, computed via symbolic differentiation of the non-holonomic
constraint equations. This method allows one to automatically obtain equations of minimum dimension and reduce them to Cauchy normal
form, which is convenient for numerical integration. To test the proposed algorithm, a special computer algebra system, KiDyM, was used,
which is designed for kinematic and dynamic calculations of complex mechanical systems. The effectiveness of the method was illustrated
through the classical example of a sphere rolling inside a spherical surface, where non-holonomic constraints are naturally taken into account
through quasi-velocities. For visual representation of the calculation results, the quaternion orientation of the ball was used, and based on it,
the Krylov angles were calculated using the original method. It was shown that the use of quasi-coordinates and quasi-velocities allows for
significantly simpler dynamic equations, and the use of quaternions avoids singularities of inverse kinematic equations. This opens up new
possibilities for modelling and controlling modern robotic devices.

Key words: non-holonomic, quasi-coordinates, quaternions, dynamics, robotics, d'Alembert-Lagrange principle, Cauchy normal form,
KiDyM
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