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PRE-FRACTURE ZONE MODELING FOR AN INTERFACE CRACK
IN AN ISOTROPIC BIMATERIAL

An interface crack in an infinite bimaterial space under remote combining loading is considered. The complex potentials approach is
applied and an exact analytical solution of this problem is presented. To remove the oscillating singularities which occur in this solu-
tion a model based on the introduction of the shear stress pre-fracture zones at the crack tips is suggested. In the framework of this
assumption the nonhomogeneous combined Dirichlet-Riemann boundary value problem with the conditions at infinity is formulated
and its analytical solution is presented. The length of this zone is found from the condition of restriction of the shear stress at the end
point of the zone. In this case the shear stress becomes finite in the right hand side of the pre-fracture zone while the normal stress has
a square root singularity at the crack tip. The energy release rates (ERR) at the crack tip and also along the pre-fracture zone are found
and their total values are compared the ERR of the classical model. For the case of a similar problem, but for finite sized body the
finite element method is applied. The crack length is assumed to be much smaller then characteristic body size. The finite element net
with two levels of concentration is constructed. The first level provides the uniform concentration from the boundaries of the body to
the crack and the second level assumes the similar concentration at the singular points of the pre-fracture zone. The different values of
the shear stress in the pre-fracture zone are considered and the local ERR at the singular points as well as the global energy release
rate is found. It is shown that for different values of the mentioned shear stress the global energy release rate remains almost invari-
able and is in a a good agreement with the analytical solution.
Keywords: Analytical solution, interface crack, pre-fracture zone, finite element method.

0. MIXAILI, B. IOBOJIA
30HU NEPEJIPYVHYBAHHS 1151 MIZK®A3HOI TPILIMHU B I30TPOITHOMY BIMATEPIAJIL

Po3risiHyTa TpilMHA MK TBOMA i30TPOITHUMH MaTepiaiaMu il i€l BiIIaJeHOr0 KOMOIHOBAHOTO HABAaHTAXCHHAM. J[J1s yCyHEHHS
OCIIIJTIOI0Y01 OCOOIMBOCTI, 1110 BUHUKAE TIPH BUKOPUCTAHI KJIACHYHOT MOJEII TPIlIMHN HPOHOHYEThCS MiIXiJ, OCHOBAHHUI Ha BBE/ICH-
Hi 3CYBHHUX 30H IepeApyiHyBaHHs Ha 11 MPoIOBXKeHHsX. [[poBeIeHO aHANITHYHE TOCHTIIKSHHS i€ MO/ IUIIXOM 3BE/ICHHSI IT0CTa-
BJICHOI Mpo0JIeMu 10 KOMOiIHOBaHOT 3aa4i JiHiitHOTO cnipsbkeHHs Jipixine-PiMana. 3aBsku TOUHOMY pO3B’s3Ky wLi€l 3a1adi 3HaMeH]
JIOCUTP TPOCTI BUPA3M IS HANPYKEHb, iX KOe(DIIiEHTIB IHTEHCHBHOCTI Ta IIBUAKOCTI 3BUTbHEHHS eHeprii. PO3rIsHy TakoX aHaiori-
YHA MOJEJb JUIS TiJIa CKIHYEHHX PO3MIpiB IIPH YMOBI, III0 PO3MIp TPIIUHN 3HAYHO MEHIINIT XapaKTepHOro po3Mipy obnacTti. Posris-
HYTI Pi3Hi BEIMYUHHU 3CYBHOT'O HANPY)KCHHS Y 30HAX MepeApyHHyBaHHs. Y [[bOMY BHIAIKY PO3B’S30K MOOYIOBAaHO METOJOM CKiHYe-
HHX €JIEMEHTIB. 3Hal/IeHO JIOKAJIbHI IIBUIKOCTI 3BIIBHEHHS €Hepril OiIsl CHHIYJISIPHUX TOYOK, a TaKoX ii rJ00aybHi 3HaueHHs. Buss-
JICHO XOPOILY Y3TrO/DKEHICTh aHAIITHYHOTO Ta YHUCEIBHOTO PO3B’SI3KIB.

KorouoBi ciioBa: AHaniTHYHUI PO3B’ 130K, METOA CKIHYCHHX €JIEMEHTIB, TPIiL[MHA MK BOMa MaTepiajiaMu, 30Ha MepeapyiHy-
BaHHS.

A. MUXAHJL, B. IOBOJIA

30HbI IPEJPA3PYIIEHMSI 1151 MEXK®A3HOM TPEIIAHBI B U30TPOITHOM BUMATEPHUAJIE

PaccMoTpeHa TpemuHa MeXIOy OBYMS M30TPOIHBIMH MaTepUallaMH IO ACHCTBHEM yIaJeHHOW KOMOMHHPOBAaHHOW HArpysku. s
YCTpaHEHHs OCHIIUIMPYIONeH 0COOEHHOCTH, KOTOpasi BO3HUKAET IIPH UCIIOIb30BAaHUH KIACCHIECKON MO TPEIINHBI IpeiaraeT-
Cs1 TIOJXO0I, OCHOBAHHBIM Ha BBEJICHNH CABHUTOBBIX 30H IIPEAPA3PYyIICHUS Ha ee MPoAobKeHUsX. [IpoBeseHo aHamuTHIeckoe NCClIeno-
BaHME ITOM MOJEIH ITyTEeM CBEACHHMS ITOCTABICHHOW NpoOiieMbl B KOMOMHHPOBAHHON 3a1auyl JIMHEHHOTo compshkeHHs Jlupuxie-
Pumana. Brarogaps TouHOMY penIeHHIO 3TOH 3aJaduy HalfIeHbl JOCTaTOYHO IIPOCTHIC BRIPAKEHNUS VIS HAIPSDKEHUH, UX KO QHITIEH-
TOB MHTEHCHUBHOCTH U CKOPOCTH OCBOOOKAEHHMS dHEpruu. PaccMOTpro Tarke aHAJIOrMYHas MOAENb JJIs Tella KOHEYHBIX Pa3MepoB
IpPU YCJIOBUM, YTO pPa3Mep TPELIMHBI 3HAYUTEIbHO MEHBIIE XapaKTEepHOro pa3Mepa o0nacTu. PaccMOTpeHBI pa3iMyHble BEIMYMHBI
KacaTeJIbHOTOHATIPSDKEHUS B 30HAX Mpefpas3pylueHus. B 3ToMm ciyudae perieHne mocTpoeHo METOJI0M KOHEUHbIX 31eMeHnToB. HalineHo
JIOKaJIbHbIE CKOPOCTH OCBOOOJKAEHUS SHEPIMHU BO3JIE CHHTYJISIPHBIX TOUEK, a TaKXKe ee INoOanbHble 3HaYeHHs. BBIIBIEHO XOpOIIyIo
COTTIaCOBAaHHOCTD AHATUTUYECKOT0 M YUCIEHHOTO PEIICHHUH.

KnioueBble cj10Ba: AHAINTHIECKOE PEIICHNE, METO KOHEUHBIX SJIEMEHTOB, TPEIHA MEXKAY AByMs MaTepHalaMy, 30Ha MpeJ-
paspyLICHHUS.

Introduction. An interface crack investigation is of
paramount importance for various devices of piezoelectric
composite materials manufacture and service because
such cracks are very often the main reason of the con-
structions failure. Interface cracks between isotropic mate-
rials has been actively studying for the last years. Particu-
larly oscillating interface crack model has been developed

by Williams [1] and reexamined by Rice [2]. To eliminate
physically unreal oscillating singularity at the crack tips
the contact interface crack model has been suggested by
Comninou [3] and developed later in numerical and ana-
lytical manner in the papers [4]-[6].

Usually the interface between different materials is
softer than the adhered components, therefore, thin pre-
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fracture zones develop at the crack tips along the inter-
face. Such zones were taken into account in paper [7] with
use of dry friction law and in [8], [9] by means of apply-
ingleonov-Panasyuk model [10] for the simulation of the
mechanical fields in these zones. However it is known [4,
6] that shear stress along the interface is the most danger-
ous at the tip of an interface crack considered in the
framework of the contact zone model. Therefore, the con-
sideration of pre-fracture zones based upon ultimate shear
stress is rather pertinently. Such approach concerning a
crack between two anisotropic materials was developed in
the paper [11], however the energetic consideration has
not got due attention in this paper.

In the present paper an interface crack between two
isotropic materials with ultimate shear stress pre-fracture
zones is studied. An analytical method is applied and the
solution free from an oscillation is obtained. By means of
deformation energy consideration the comparison of this
solution with the associated results obtained by finite ele-
ment method for a finite sized composite with an interface
crack is carried out and good agreement is revealed.

Formulation of the basic relations. A bimaterial
composed of two different isotropic semi-infinite spaces
y >0 and y < 0 with different mechanical characteristics is
considered .The stresses (o;) and the displacements (u;)
for a two-dimensional problem of the elasticity can be
presented in the form [12]

0, —ic, ) =@, (2)+ D, (z) +zD,(2)+ ¥, (z); (la)

Zyk(ul(k) +iu§k)) :Kk¢k(z)_z®k(2)_‘//k(z) > (lb)
where @, (z) =¢/(z) and ¥,(z)=w,(z) are analytical

functions of the complex variable z = x + iy in the respec-
tive half-planes. Besides,

3—-4v, (for plane strain);

={ 3= 2
=130 (for plane stress), @
I+v,

i and vy are the shear moduli and Poisson’s ratios, re-
spectively. A bar denotes the conjugation operation, and a
prime denotes the differentiation with respect to the argu-
ment, k=1,2 are related to the upper and lower half-
planes, respectively.
By introducing the following analytical functions in
the respective half-planes according to
0, (2) = 24,(2) + ¥, (2),
and replacing z by z gives
v (2) = o (2) - 24 (2); (3a)
v (2) = o, (2)— ¢(2) — 24, (2). (3b)
Substituting (3) into (1) and denoting ; (z) =Q,(z)
leads to the following expressions
0, —ic, "V =@ (2)+(z-2)@},(2)+Q,(2); (4a)
20, ® + i) = k6,0, (2) + (2= 2)D, (2) ~ @, (2) . (4b)
Satisfying the continuity condition
0'22(” —ialz(” = 0'22(2) —ialz(z) for x € (—o0,),
by using the expression (4a), gives
O] (1)~ (1) = D, (1)~ (x) for xe(-0,00). (5)

The superscripts «+» and «-» denote here the limit
values of the analytical functions for y — +0 and y — —0,
respectively.

Since the two sides of (5) represent the limit values
of two analytical functions in the respective half-planes,
therefore, both functions can be analytically extended into
the entire plane. Using the condition that the functions are
bounded at infinity the equation (5) yields

D,(2)=Q,(z) for y>0; ©)
D,(2)=Q,(z) for y<O0.
Introducing a new function
K (2)4——Q,(z) fory>0;
Hy 2p,
F(z)= (7

) d,(z)+——Q,(z) for y<0
2u, 2

and by using the relations (6) and (7) one obtains the fol-
lowing equations

ol (x)—io) (¥) = g {F" () +yF ()} ; 8)
[/ ()] +i[uy (x)] = F* (x) = F~ (%), (€))
where
Ay, K (10)
Kty + 4 ’ Koth + i .

It is clear from the equation (9) that the function F(z)
is analytic in the whole plane with a cut along (-o0,00)\L.
The expressions (6) and (14), (15) play an important role
in the following analysis, and moreover, they can by used
for the solution of variousmechanical problems for a bi-
material plane with cuts along the interface.

A crack at the interface of two materials. We as-
sume that the crack is situated at the section [c, a] of the
material interface between two semi-infinite spaces. The
half-spaces are loadedby uniformly distributed normal
stress 6, and the shear stress ¢, at infinity, which do
not depend on coordinate x3. The crack faces are free of
loading. Such external stresses call plane deformation
state, therefore, only the cross-section orthogonal to x;
(Fig. 1) can be considered (the zone [a, b] is not need for a
while and will be used later).

s
12 »
0.22

Figure 1 — A crack between two isotropic materials
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The boundary conditions for the formulated problem
are the following

1 2
O-él] = O-gl) =0;

<0'21>=0; (0'22>:O; (ul>:0;
(uy)=0 for x, & (c,a). (11)

The solution of this problem under the condition at
infinity

(1)
lop —0'22 =0 forc<x <a;

=6, —i6,,, (12)
where &,, -9z, Gy =%, n=(1+7%)g

n i
was obtained with use of [12] in the form

F(Z)Z(&D_i&n)Z_((:j:))(/j__:;l[j:;y’ (13)

b—c.

where ¢ :Lln;/1 ;1=
2r

The stresses at the interface are obtained from (8),
(13) as follows
o) (xl,O) —io}) ()c1 ,0) = (0; —io,, )x
xl—(a+c)/2—igl[xl—cjm for x; > a (14)
\/(x] —c)(x—a) \ x5~

and the derivative of the displacement jumps are found
from the formula (9) in the form

<u1'(x1,0)>+ i<u2’(x1,0)> =
_(UZi+G;) (xl —(a+c)/2—igl)(x1 _cjfg

a

eV \/(xl—c)(a—xl) a=h
forc<x;<a. (15)
Integrating the last relation, we obtain
<u1 (x1,0)> + i<u2 (x1,0)> =
= (x1 —C)(a—xl) (G;HG;)()C] _c)’”
g\ a-x
forc<x;<a. (16)

The energy release rate (ERR) can be found by use
of the formulas (14), (16) and can be presented in the form
[13]

osc ( 1 7)

G =%aﬂ(l+4£2)(0'2 +77),

(1 + 1,6, + 1K)
Hyy (py + iy + H K+ 4 K)

where ¢ =

Formulation of interface crack model free from
oscillation. It follows from equations (14), (15) that the
normal and shear stresses and both displacement jumps
have an oscillating singularity at the crack tips. To trans-
form this singularity to the non-oscillating onewe intro-
duce the pre-fracture zones with constant shear stresses on
the crack continuations. Because these zones are either
both very short or one zone is substantially shorter than
another one, we’ll consider for simplicity only longer
zone, assuming that it occurs at the right crack tip (Fig. 2).
Simple transformation of half-spaces should be done if the

longer zone occurs at another crack tip.
Thus the boundary conditions for the considered
model are the following
1 _ ~(2)

o, =0, =0; 0'22)—0'22 =0 forc<x;<a, (18)
O'Sl) =o-§f) =7,; <0'22>=0; <u2>=0 fora<x;<b, (19)
<021>:0; <O-22>:0; <”1'>:0; <”£>:0

for x, ¢(c,a). (20)

where 7, is the ultimate shear stress occurs at the crack
continuation in the pre-fracture zone [a, b]. It can be for
example the shear yield stress for the softer matrix or for
the adhesive.
Satisfying the interface conditions (18) with use of
(7) we get the equation.
171+(x1)+7ll71'(x1):0 forc<x; <a. 21

Besides the conditions (19 and (20) lead to the equa-
tions

Im[F x)+nF (x )J:—rs/g;

Im[E* (x)-F (x )J =0 fora<x <b. (22)
Satisfaction of the boundary conditions (20) provides

the analyticity of the function F(z) outsides of the interval
(c, b). The relations (22) lead to the equation
ImF*(x)=7 fora<x <b.

n=>0+7)g.

The Egs. (21) and (23) present the nonhomogeneous
combined Dirichlet-Riemann boundary value problem.
The conditions at infinity (12) are valid for this problem
as well.

With use of Nahnein and Nuller [14] the general so-
lution of this problem was presented in [11] in the form

(23)

where 7=-7,/n;

F(z)=(P(2)+®(2)) X, (z)+0(2) X, (z), (24
where
() Cz+C,; Q(z):Dlz+D2;
X, (z)=ie" 1 J(z=c)(z-b) ;
X, (2) (Z)/,l(z—c)(z—a);
z2(z)=2¢ln (b-a)(z—c) ; z=x4ix;

D(z)= 1[—iY(z)Ll (2)+Ly(2)];

L(z)= J~ /; Zsmh;(o(t)

cosh (t)
j (=) —1) =2
C =—6y,sinfi—E cosff; D, =6, co8B—E sing,

c+b
C,=———C,-pBD,; D,=pC,

=—I f—smhgoo(t)dt P=chhn i
b—-

Bi=eJla-c)b=c); A=

c+a
-“""D +R,

=
J—

b_c. (25)
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Pre-fracture zone length and the energy release rate
(ERR). According to Egs. (8), (24) the stress field on the
right from pre-fracture zone can be presented in the form:

03 (x,,0) — oy (x,,0) = i F; (%)=

=7 {(P(xl)+CD(xl))X1 (x)+0(x) X, (x )} . (26)
For an arbitrary position of the point b right hand
side of (25) is singular for x, > b+0. To remove this

singularity the equation

P(b) + ®(b) = 0.
should be satisfied. After some transformation this equa-
tion can be written in the form

—500s,6’—sin/5’—28\/1— (cos f—Isin ) +

7Z'(b 90" J.‘/b— cosh g, (¢)dt =

where 6 =05, /0, andI=b—c.

27)

The obtained equation should be solved with respect
to A and then point b can be found from Eq. (25). As a rule
the Eq. (27) can be solved numerically that permits to find
the root of this equation which we denote /.

The normal stress at (a, b) according to (8), (24) can
be found in the form

ol (x,,0) =1, [ (xl)—i-)/1 (xl )J—iEb .
Substituting the formula (24), taking into account
that [15]
+ £y (x)
X/ () = ————;
(x] - C)(b - x])

ei% ()

Jx, —o)x, —a)

and applying Plemeli formulas [12] we arrive to the fol-
lowing expression

X;(x)= for x, € (a,b)

/fo(x|) —Xo(x))

— i€

a6

—20(x))

g0l (x,,0) = P(x)<

lo(“]) +7/€

+00) J& o -

T X, —da _
+—4— 1 |:elo(xl) _,r_}/le ZO(XI)]LI(XI)+
T X, —C
—7e

A 4 G § ,
+ c-ob-x) 2(%)}

where the integrals L,(x;) and L,(x;) should be considered
in sense of principal value on Cauchy [12].

The derivatives of the crack faces displacement jump
at the interval (¢, @) can be foundon the base of (24) with
use of (9) in the form

() (x,,0)) =Im[ I (x,) = F (x,)].

Substituting the expression (24) one gets
+1 P(x)+O(x,
(i) (2,,0)) +iuy (x,,0)) = L () 0n)_

N
exp [iq)* (x1 )J

\Jx —c

+

elo()ﬁ) — 20 (x1)

(28)

for ¢c<x;<a,

(29)

(b—a)(x1 —c)
\/Z(a—xl)+\/(a—c)(b—xl)
and the displacement jump can be found as

(1500} s (5.0 -
({000 (01

c

According to [15] the local energy release rate
(ERR) at the point a can be presented in the form

a+Al
o)
a—g;%ZN{jon (x50 (31)
On the base of the formulas (28), (29) the following
asymptotic forms are valid in the vicinity of the point a:
Zo(a) +7/ —%o(a)
=0 F—2%
V(@=o)(x, —a)
, 2\/; a
(5 (x,,0)) o Nal@) 5
V(a—-o)(a-x)

Performing further the integration in (31) with use of
the value of integral [16]
7 1-2ie

1 l—T 0.5-i¢
—_ d
I( . j T e

and taking into account e*'” + y,e %

where ¢ (x,)=2¢In

(30)

u2 X, - Al,O))dxl.

1
Uéz) (x,,0)

x—>a+0

x—a—-0

=2y, ,leads to

G, = Q*(a)/(a~c). (33)
Following the approach of Gao ef al. [17], we use a
contour I" closing the section (a, b). In this case
J, = q}{Wnl 0',/n,u”}ds ,
r
where W is the specific energy of deformation. Using the
path-independent property of Jy, we tend the contour I' to
the section (a, b). Taking into account that the thickness of
this zone tends to zero we arrive at the formula

Jy =1, <ul (a,0)> ,

where <u] (a,0)> is the tangential crack faces jump at the

(34)

point a.

Numerical analysis and discussion. The numerical
analysis was performed for the interface crack with
c=—10 mm; a=9.8 mm; b=10mm and

=3 x 10* N/mm?; v; =0.29. For convenience without
the loss of generality as the lower material was chosen the
artificial one with the characteristics £, =3 x 10® N/mm?;
=(0.345. Different values of 7, were chosen and differ-
ent values of the external mechanical loadings were con-
sidered. The results of the calculations of the right point of

the yield zone b, <u1 (a,O)) , the values of the ERR for the

open crack model G, the values of G,, and the total ERR
G=G,+J, (35)

are presented in Table 1 for ¢, =10 N/mm’ and different

values of ¢”15.

It is clearly seen from the two last columns of the
Table 1 that the values of G, obtained for the developed
model and the ERR of the classical (oscillating) model are
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in good agreement and the differences do not exceed 2 %.
It is interesting to note also that the input of J, in G is

rather sensitive for 7, # 0.

ll/

[ \\\\\\ !W

/
AN
\

(@)

®) N i
\ \
x\/ |
g [ \ L —

Figure 2 — Global mesh at the whole region(a) and local
meshes in the vicinity of the crack region (b) and at the
right crack tip (c)

e

For the conformation of the validity of the obtained
analytical formulas and results the finite element simula-
tion with use of the student version of ABAQUS were
carried out. In this case the lower material was assumed to
be absolutely rigid and the upper is the same as earlier.
Moreover, the finite region with the dimension much lar-
ger than the crack length was considered. Therefore, the
interface crack with the above mentioned characteristics

along the fixed end of the  rectangle
200 mm<x; <200 mm; O0mm<x,<200mm  was
studied.

The finite elements net with the local zones of the
net refinements are shown in Fig. 2.
The results of the FEM calculations for

0,y =10 N/mm2 , different values of 7y as well as 6”1, =0
and o, =—4 N/mm” are given in Tables 2 and 3, respec-

tively.
In these Tables the local ERRs G, and G, at the
points a and b, respectively, are presented. Besides, the

tangential jump of displacement <ul (a, 0)> , which permits
to calculate the ERR Jy on the formula (34), is also given.
Finally the value of the ERR

G=G,+G,+J, (36)

is also presented. It should be mentioned that for A =4,

i.e. for real pre-fracture zone length, the formula (36)
transforms into the formula (35).

Table 1 — The values of the geometrical parameters and
the energy release rates for o, =10 N/mm” and different
values of 6™, and 7,. In this and the following Tables

dimension of stresses is N/mm?, lengths and displace-
ments — mm, ERR — N/mm

- u, (G,O) Ga 2 Gos‘c
ol T < x10°* b <107 | 97107 g2
0 | -30.1 4.19 9.9997 | 326 | 4.52 | 4.54
-4 | -59.1 5.99 10.0011 | 1.78 | 5.32 | 5.22
-8 | -88.5 7.75 10.0001 | 0.738 | 7.59 | 7.45

Table 2 — The values of the fracture mechanical parameter
for 6”1, = 0 and different valuesof the shear stress in the
pre-fracture zone

7o [N/mm’] <u1 (a, O)> x10* X?()z G, x10? ><1G02
0 6.46 392 | 0.675 |4.59

20 4.91 3.52 | 0.081 |4.58

25 4.46 3.42 | 0.0226 | 4.59

27 4.45 3.38 | 0.0094 | 4.60

29 4.30 3.35 | 0.00089 | 4.59
30.1 4.19 3.33 ~0 4.60

Table 3 — The values of the fracture mechanical parameter
for oj; = -4 N/mm” and different values
of the shear stress in the pre-fracture zone

To 4 2 2 G
IN/mm?] <u1(a,0)>x10 G, x10° | G, x10 <102
0 10.31 2.77 2.57 5.34
30 8.08 2.27 0.638 | 5.33
35 7.70 2.20 0.442 | 5.34
45 6.96 2.04 0.157 | 5.33
52 6.44 1.94 0.0437 | 5.33
59.1 5.91 1.84 ~0 5.33

It seen from the Tables 2 and 3, that the value of 7,
essentially influences the magnitudes of G,, G, and

<u] (a,0)> i.e. Jy. However the total ERR G remains al-

most invariant with respect to the value of 7y, which acts
in the pre-fracture zone and plays a role of an ultimate
stress. Also the results in the last lines of Tables 2, 3 are in
good agreement with the associated analytical results pre-
sented in Table 1. This fact confirms the correctness of the
obtained solutions.

Conclusion. A crack at the interface of two dissimi-
lar semi-infinite spaces under inplane normal-shear field
of stresses is studied. The presentations of the stresses and
the derivatives of the displacement jumps via sectional-
analytic function are used. On the basis of these presenta-
tions an exact analytical solution of the formulated prob-
lem possessing an oscillating singularity is given. To
eliminate this singularity a model based on the introduc-
tion of the shear stress pre-fracture zones at the crack tips
is suggested. The mathematical simulation of this model
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leads to the nonhomogeneous combined Dirichlet-
Riemann boundary value problem (21), (23), which was
solved analytically. The length of pre-fracture zone is de-
fined from the condition of restriction of the shear stress at
its boundary point that leads to the simple transcendental
equation (27).The local energy release rates (ERR) at the
crack tip and also the ERR along the pre-fracture zone are
found. Their summary value which is called global or total
ERR is compared with the ERR of the classical model and
their good agreement is found out. A similar problem for
an interface crack in a finite sized body was considered by
the finite element method with use of the student version
of ABAQUS. It was assumed that size of the body is es-
sentially larger than the crack length. In this case the re-
sults of the finite element method calculations demon-
strate a good agreement with the analytical solution that
confirmed the correctness of the developed approach and
the obtained solution.

References

1. Williams M.L. The stresses around a fault or cracks in
dissimilar media. Bull. Seismol. Soc. Am.1959. Vol.49.
P. 199-204.

2. Rice J.R. Elastic fracture mechanics concept for interfa-
cial cracks. J. Appl. Mech.1988. Vol. 55. P. 98-103.

3. Comninou M. The interface crack. J. Appl. Mech. 1979.
Vol. 44. P. 631-636.

4. Simonov LV. The interface crack in homogeneous field
of stress (in Russian). Mechanica comp. materialov. 1985. No. 6.
P. 969-976.

5. Gautsen A.K., Dundurs J. The interface crack in a ten-
sion field. J. Appl. Mech. 1988. Vol. 55. P. 580-585.

6. Loboda V.V. The quasi-invariant in the theory of inter-
face cracks. Engng. Fract. Mech.1993. Vol. 44. P. 573-580.

7. Kaminskii A.A., Kipnis L.A. and Kolmakova V. A. Slip

lines at the end of a cut at the interface of different media. Inter-
national Applied Mechanics.1995, Vol. 31. No. 6. P. 491-495.

8. Kaminskii A.A., Kipnis L.A. and Kolmakova V.A. On the
Dugdaill model for a crack at the interface of different media.
International Applied Mechanics.1999.Vol. 35.No. 1. P. 58-63.

9. Loboda V.V., Sheveleva A.E.Determining prefracture
zones at a crack tip between two elastic orthotropic bodies. In-
ternational Appl Mechanics. 2003. Vol. 39. No.5. P. 566-572.

10. Leonov M.Ya., Panasyuk V.V. Development of the
smallest cracks in a rigid body [in Russian]. Appl. Mechanics.
1959. No. 4. P. 391-401.

11. Loboda V., Gergel I, Khodanen T., Mykhail O. A
crack between orthotropic materials with a shear yield zone at
the crack tip. Mathematical Problems in Engineering. 2019. Ar-
ticle ID 9723089. 8 pages.

12. Muskhelishvili N.I. Some Basic Problems of Mathe-
matical Theory of Elasticity. Noordhoff International Publishing.
Leyden. 1977. 732 p.

13. Loboda V.V. Analytical derivation and investigation of
the interface crack models .Int. J. Solids Structures. 1998. Vol.
35. P. 4477-4489.

14. Nakhmein E. L. and Nuller B.M. Contact between an
clastic half-plane and a partly separated stamp. Journal of Ap-
plied Mathematics and Mechanics. 1986. Vol. 50. No. 4.
P. 507-515.

15. Herrmann K.P., Loboda V.V. Fracture mechanical as-
sessment of interface cracks with contact zones in piezoelectric
bimaterials under thermoelectromechanical loadings 1. Electri-
cally permeable interface cracks. Int J Solids and Structures.
2003. Vol. 40. P. 4191-4217.

16. Shih C.F., Asaro R.J. Elastic-plastic analysis of cracks
on bimaterial interfaces: Part 1 — small scale yielding. J. Appl.
Mech. 1988. Vol. 55. P. 299-316.

17. Gao H., Zhang T.Y., Tong P. Local and global energy
release rates for an electrically yielded crack in a piezoelectric
ceramic. J. Mech. and Phys. Solids. 1997. Vol. 45. P. 491-510.

Received (naoitiwna) 30.04.2020

Bioomocmi npo aemopis / Ceedenus 06 asmopax / About the Authors
Mixain Onexcandp (Muxaun Anexcauop, Mpykhail Oleksandr) — acnipant, kadenpa TeopeTHYHOI Ta

KOMII'FOTEPHOI ~ MEXaHiKH,
mihail.sashal501@gmail.com

JHinpoBchkuit

HallOHAJbHUI

yHiBepcuter imeni Omecs [Tomuapa. E-mail:

Jo6ooa Borooumup (Jlo6oda Bnaoumup, Loboda Volodymyr) — noxrop ¢i3.-mMaT. Hayk, nmpodecop, kadenpa Teo-
pPEeTHYHOI Ta KOMIT'IOTepHOI MexaHikd, J[HIMpoBchbkuii HalioHaNbHUN yHiBepcurerT imeni Omnecst ['onuapa. E-mail:

loboda@dnu.dp.ua

72

Bicnux Hayionanonozo mexuiunozo yuisepcumemy «XI11».
Cepia: Jlunamixa i miynicmoe mawun. Ne 2. 2020




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




